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1. INTRODUCTION 
Consider the initial value problem for the integrodifferential equation 
s’@) = A+) + jt B(t - s) s(s) ds, t> 0, 
0 
(1) 
x(0) =x0 
in a Banach space X with norm )I . I/. Here A is the generator of a Co 
semigroup T(t) on X and B(t) is closed and defined on the domain of A with 
B(t)xE C’([O, aI),X) f or each I in the domain of A. With these 
assumptions, we wish to determine necessary and sufficient conditions that 
(1) be hyperbolic in the sense that solutions propagate with finite speed. 
Equations of the form of (1) for which one desires to show hyperbolicity 
occur in a number of areas. The linearized theory of heat conduction for 
materials with memory developed by Gurtin and Pipkin [8] leads to such an 
equation. This equation was shown to exhibit finite propagation speed by 
Finn and Wheeler [6], who used energy estimates to obtain this result. A 
similar equation also occurs in viscoelasticity [ 1, 81. In [3], Davis used 
transform techniques to obtain this result for a system of equations 
governing a Maxwell-Hopkinson dielectric. Many additional sources of 
“hyperbolic” equations are discussed in the monograph by Bloom [ 11. In 
addition, transform techniques have been utilized by Miller and Wheeler [lo] 
in their study of wave propagation for integral equations. 
A common feature of all the partial integrodifferential equations 
mentioned above is that they result in equations of the form (l), where the 
equation 
x’(t) = Ax(t) (2) 
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is hyperbolic and known to have the property of propagating waves with 
finite speed. While this observation has surely motivated the attempts to 
obtain this property for (1) it does not appear that anyone has used this fact 
directly to analyze (1) prior to this paper. The technique we use, involving 
semigroups, was earlier used to demonstrate wave propagation for a wide 
class of nonlinear partial differential equations by Reed [ 111, however. 
As A generates a C, semigroup, A - 11 is invertible for /z sufficiently large. 
Thus, on the domain of A, B(t) = B(t)@ - ,U-’ (A - n1) = F(r) A + K(t), 
where, by the closed graph theorem, F(tj = B(t)@ - iI) -’ and K(t) = --,48(t) 
are bounded operators. We may thus write (1) as 
x’(t) = Ax(t) + if F(t - s) Ax(s) ds f (-I qt - s) x(s) ds, 
‘0 -’ 0 
x(0) = x0. (14 
However, if we let y(t) = ePwfx(t), we see that )1(t) satisfies 
y’(t) = (A - d)y(t) + f’B(t -s) epw”ps’y(s) ds, 
‘0 
4’(O) = X”. 
It follows that we may assume further that A has a bounded inverse so that 
K(t) = 0 and ( 1) has the form 
-u’(t) = Ax(t) + ft F(L - s) Ax(s j ds, 
-’ 0 
x(0) = x0. 
It is this formulation of (1) which we shall analyze. Here we assume A 
generates a Co semigroup and F(t) is a bounded operator on X which is 
strongly continuously differentiable. 
As A is closed, the domain of A endowed with the graph norm lx\= //x // + 
]I Axll yields a Banach space which we denote (Y, (. 1). 
We can now state what we mean by a solution. 
DEFINITION. Let .x0 E Y. A solution x(t) of (1) is a function which 
belongs to C([O, co), Y) f7 C’([O, co),X) so that x(0) =x0 and (I) is 
satisfied for all t > 0. 
We remark that the existence and uniqueness of solutions of (1) has been 
shown under our covering assumptions; cf. [2] or [S], for example. 
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The definition of a solution of (I) leads us to the definition of a resolvent 
operator for (1). Our discussion of wave propagation for (1) will be in terms 
of the resolvent operator. 
DEFINITION. A family (R(t) : t > O} of bounded linear operators on X is 
called a resolvent for (1) if: 
(a) R(0) ==I, the identity on X. 
(b) For each x E X, the map t + R(r) x is a continuous function 
[O, aI)-+x. 
(c) For each t > 0, R(t) is a bounded linear operator on Y and for 
each y E Y, the map t + R(t)y belongs to C( [0, a~), Y) n C’( 10, co): X) and 
satisfies 
$R(f) y = AR(t)y f jb(t -s) R(s)y ds 
-0 
and 
$(r)y= R(t)Ay+ jiR(f-s)B(s)yds. 
-0 
It follows from [S] or (71 that (1) has a resolvent operator R(t) and that 
for x0 E Y the solution of (1) is given by R(t) x0. 
We now wish to formulate the concept of wave propagation in our setting. 
DEFINITION. Let {P, : t > 0) be a family of closed subspaces of X. Let 
is(t) : t > 01 be a family of bounded operators on X. The family {S(f) : 
1>0) issaidtopropagate (P,:f>O} ifS(I-s)P,cP,,s<t. 
2. MAIN RESULT 
We are now able to present our result on wave propagation, which states 
that under quite mild assumptions the wave propagation properties of (1) 
and (2) are identical. 
THEOREM 1. Suppose 9 = {P, : t > 0) is a fami!v of closed subspaces of 
X with P,7 c P, for s < t. Further suppose that F(O)(P,) c P, for each f > 0 
and that F’(t) propagates 9. Then the resolvent R(t)for (1) propagates 9 if 
and only if the semigroup T(t) generated by A propagates 9. 
ProoJ Assume first that T(r) propagates 9’. We show first that 
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R(t) P, c P,, t > 0. To do this we show that if x(t) is a solution of (1) with 
x,, E P, then x(t) E P,, t > 0. Given such a solution -x(t) define y(t) by 
y(t) = .[ Ax(s) ds. 
An integration by parts shows that 
x’(t) =Ax(t) + F(O)y(t) + j’F’(t - s)y(s) ds, 
"0 
y’(t) = Ax(t), (3) 
x(0 j = x0, y(0) = 0. 
Following [4], we note that if XX X is normed with the norm ~I(x,JJ)// = 
/Ix.lI + I(J~//, then &’ given by 
generates the semigroup ET(t) given by 
( 
T(t), 0 
.qt> -I, 1 I , * 
An elementary calculation now shows that the semigroup K(t) propagates 
the family Q, = P, X P, of closed subspaces of XX X. 
We can thus write (3) as the system 
z’(t) = &z(t) + 2z(t) + [‘S[(t -s) z(s) ds, 
-’ 0 
(4) 
z(Oj = z. E Q,, 
where 28 and 9, are bounded operators which satisfy 2(Q,) c Q, and 
9,(t - s)(Q,) c Q,, t > s. As &’ generates the semigroup g(t) a solution z(t) 
of (4) must be a fixed point of the operator Z’ : C( [0, T], X X X) defined by 
X)(t) = c%-(t) z. + j; i%-(t - s) [~Sy(s) + 1; Sl(s - u)y(u) du] ds, 
0 < t < T, where T is to be determined. However, if z. E Qo, g(t) to E Qt, 
and if y(t) f Q,, 0 <t < T, it is easily seen that L@(s) + 1; 9,(s - 21) 
J(U) du E Q, so that 2Y maps the set (y E C([O, T],X X Xj :4’(t) E Q,) into 
itself. Thus, if T is chosen sufficiently small Z is a contraction and has a 
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unique fixed point z(t) with z(t) E Q,, 0 <t < T. If we now define zi(t) by 
zl(t)=z(t+T), O<t<T, 
z;(t) = &z,(f) + zi?~~(t> + f'.91(t - 2.i) z,(u) du + F,(t), 
"0 
~~(0) = z(T) E Q,, 
where 
F,(t)= [%Jt+ T-u)z(u)duE Q,,,, O<t<T. 
‘0 
Arguing as above with the minor modification required because of F,(t) 
yields that z(t) E Q,, T< t < 2T. By induction, z(t) E Q,, t > 0, and as 
z(t) = (-+j, y(t)) we obtain R(t)x, =x(t) E P,, t > 0. To see that R(t) 
propagates {P, : t > 0}, define, for s > 0, Pf = P,,,. Then we see that 
LS(PS)cPf and 91(t-u)PS,=9,(t+s-(s+u))P,+ucP,+,=Pf. In a 
similar manner it is seen that K(t) propagates the family Pf . If we now 
apply the above argument we obtain R(t)(Pi) c Pf or R(t) P, c P,,, . That 
is, R(f) propagates {Pt : t > 0). 
Now assume R(t) propagates {Pf : t > 0). Let x0 E P, and let n be a 
positive integer. As R(t) propagates (P, : t > 0) it is clear that 
for each n and each t > 0. Also, it follows from [5? Theorem 3] that for each 
xEXandf>O 
the convergence being uniform on bounded intervals for fixed x. As P, is 
closed, T(t) x0 E P, if x0 E PO. Now if we define Pf as before we see T(t) 
propagates (P, : t > 0). This completes the proof. 
Sometimes it is convenient to use the form (la) because one is given 
B = FA + K by the formulation of (1) from the particular application. In this 
case it is not necessary to assume K is differentiable. 
COROLLARY 2. Suppose 9 = {Pt : t > 0 1 is a family of closed subspaces 
of X with P, c P, for s < t. Further suppose that F(O)(P,) c P, for each t > 0 
and that F’(t) and K(t) propagate 9. Then the resolvent R(t) for (la) 
propagates 9 if and on& IY the semigroup T(t) generated by A propagates 
9. 
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Further, we remark that if B(t) = a(t where a(t) is a scalar function, 
we need only assume that a(t) is continuously differentiable since the 
conditions a(0) 1(P,) c P, and a’(t - s) I(P,) c P, c P, for s < c are 
automatically satisfied. 
Finally, we remark that with hyperbolic equations, given P, it is 
reasonable to define P, by P, = T(t) P,. If it is the case that P, c P, for s < t, 
Theorem 1 applies. 
3. EXAMPLES 
As a first application of our theory we consider the equations for the 
components of the electric displacement field in a Maxwell-Hopkinson 
dielectric as studied by Davis [3] and further by Bloom [ 1, pp. lOl-1041. 
Let 0 c R3 be an open bounded domain. If D(x, t) is the electric 
displacement field in a Maxwell-Hopkinson dielectric, x E Q, t > 0, then the 
components Di(.~, t) of D(x, t) must satisfy the system of equations 
(i = 1,2,3) 
TJ’D. 
w at* 
2 = dD,(x, t) + fr @(t - T) dD,(x. r) dr 
-0 
on ~‘2 X [O, r), T > 0, where Q(t) is a scalar function Further, one has the 
boundary condition 
Di(x, t) = 0, (x, f) E al-2 x [O, q, 
D&s, 0) =fi(x), ~ (,U, 0) = gi(~), XEQ, 
if certain assumptions are made (cf. [I]). Without loss of generality we may 
in fact assume the equation is valid on lR3, restricting ourselves to initial 
conditions fi and gi with compact support in -R, realizing the analysis is only 
valid so long as the solution has support in a. We may rewrite each 
equation as 
zlll = (EP)-’ Au + j’ a(t - z) Au(r) dr, 
0 
@I =.A 4(O) = g, 
(6) 
where a = (c,n)-’ @. 
We shall consider solutions u in L2(lR3). Our analysis closely follows 
[ 111, which contains additional information regarding wave operators. If 
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B = (I- A)“’ and X = D(B) X L 2(iR 3), where D(B) is the domain of B with 
the graph norm, then the operator A given by 
( 
0, 
(E/l-’ A, 6 ) 
generates a semigroup T(t) on X. In fact we may take any of X, = D(Bk+‘) x 
D(Bk), k = 0, 1, 2 ,..., as our space X. Let Z be a compact set in J2 c R3 and 
let 
S(~,t)={y+zE[R3:yE~,,z(~~t}, where (T = (E,u) - I”. 
Let Q, = {u E L2(R3): the support of u is contained in S(Z, t)) and 
P, = (D(Bk+‘) n Q,) x (D(Bk) n Q,). 
It is easy to see that {P, : t > 0) is a family of closed subspaces of X, with 
P, cP,, s < t. Also, the statement hat T(t) propagates {Pt : t > O} follows 
from the fact that the equation 
u,,= (c/i)-‘Au 
has propagation speed (E,u-‘I*. 
Finally, if we let ZI = U, we obtain the system 
U* = v, 
-I 
of = (E,u-’ Au + 
J 
@(t - T&U) - ’ Au ds. 
0 
We thus see we can rewrite (5) as the system 
X’(r) = Ax(t) + jt F(t - T) AX(~) dt. 
0 
Clearly F(t) satisfies the hypotheses of Theorem 1 if G(t) is continuously 
differentiable. We thus obtain finite speed of wave propagation for (5), the 
speed being (a,~)- 1’2. 
As a second example we consider the linear integrodifferential equation 
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obtained by Gurtin and Pipkin [8] in their study of heat conduction. Assume 
0 is a bounded open domain in R3 with smooth boundary IY As in Miller 
[9] and Finn and Wheeler [6], assuming the prior history is known, this 
problem can be written 
cB"(X, l) +/3(O) B'(x, l) + JntB'(l - u) B'(x, u) du 
= a(~) dOcx, t) + jt a’@ - s) d&x, s) ds + Y’(x, t), 
0 
(7) 
where c > 0 denotes the heat capacity, /3’ and Q the energy and heat-flux 
reIaxation functions and r is the body heating, and d is the Laplacian on .Q 
with boundary condition 81, = 0. Following [7], this can be written as a 
system 
I 
Again, because of the Dirichlet boundary conditions we consider the 
problem on R3 and consider initial data with support in Q. 
Now define A by 
( 
0, I 
c-‘a(0) A, -c - y?(O) I 1 * 
As in the previous example, A generates a semigroup on any of the spaces 
X,. The spaces P, are defined as before except that the propagation speed 
o = c-“‘~~‘~(O). A n e ementary 1 calculation shows the kernel B(t) in (8) can 
be factored as B(r) = F(t) A + K(t), where F(t) = (Fij(r)), i, j = 1, 2, with 
F,,(t) = Fr2(t) s 0 while F22(t) = (a’(t)/o(O)) I and F,,(t) = c-‘p(O) F22(f). 
K(t) = (Kii(t)), i, j = 1, 2, with K,,(t) = K,2(t) = K2r(1) = 0 and K2?(f) = 
-c-‘P’(l)I. 
It is easy to see that if (Y E C’([O, co), iR) and BE C’([O, co), I?) 
Corollary 2 may be applied so that we obtain finite speed of wave 
propagation for (8), the speed being ~-“~ar’~(O) as expected. 
Finally, assuming that /I(s) = 0, (8) is essentially the equation governing 
one-dimensional longitudinal motions of a viscoelastic bar with density c and 
stress relaxation function a(s), [S]. Note that the analysis with p(s) = 0 is 
essentially identical, only requiring slightly different forms of A, F and X. 
For further examples concerning viscoelasticity see [l] and the references 
therein. 
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